Abstract. For a space with involutive action, there is a variant of K-theory. Motivated by T-duality in type II orbifold string theory, we establish that a twisted version of the variant enjoys a topological T-duality for Real circle bundles, i.e. circle bundles with real structure.
1. Introduction
1.1.
A variant of K-theory. Topological K-theory has various variants. Among them, the variant K ± (X) concerned to this paper is that introduced in Witten's paper [37] . While K ± (X) is originally introduced in a context of string theory, it also appears in Rosenberg's Künneth formula for equivariant K-theory [31] in a different notation. As is pointed out in [2] , we can regard K ± (X) as a twisted equivariant K-theory [10] . We can also regard K ± as a part of an RO(Z/2)-graded equivariant cohomology theory, as in [25] .
The definition of K ± (X) itself is very simple: For a space X with an involutive action τ : X → X, i.e. a Z/2-action, K n ± (X) is defined through the Z/2-equivariant K-theory [33] as follows:
Z/2 (X ×Ĩ, X × ∂Ĩ), whereĨ = [−1, 1], and Z/2 acts on X ×Ĩ by (x, t) → (τ (x), −t). The variant K n ± (X) obeys the Bott periodicity clearly, and fits into the exact sequence:
, where f is to forget the Z/2-actions. From this, if the Z/2-action is trivial, then
Other basic properties are summarized in the body of this paper.
Main theorem. Our main theorem is a version of 'topological T-duality'.
This duality originates from T-duality in string theory, and is first discussed by Bouwkneght, Evslin and Mathai [5] . Nowadays the duality is generalized to various cases by many authors. Its simplest form following Bunke and Schick [9] is as follows: Let (E, h) be a pair consisting of a (principal) circle bundle π : E → X and a cohomology class h ∈ H 3 (E; Z). Then there exists another pair (Ê,ĥ) consisting of a circle bundleπ :Ê → X andĥ ∈ H 3 (Ê; Z) such that:
where π * : H 3 (E, Z) → H 2 (X; Z) andπ * : H 3 (Ê; Z) → H 2 (X; Z) are the pushforward along the projections, K h+ * (E) and K h+ * (Ê) twisted K-theory [18, 30] .
In our main theorem, circle bundles are generalized to Real circle bundles, and twisted K-theory to Z/2-equivariant twisted K-theory and its variant.
By a Real circle bundle, we mean a principal S 1 -bundle π : E → X on a space X with Z/2-action such that a lift τ : E → E of the Z/2-action on X satisfies τ 2 (ξ) = ξ and τ (ξu) = τ (ξ)u −1 for all ξ ∈ E and u ∈ S 1 . This notion is essentially equivalent to that of Real line bundles, i.e. complex line bundles with real structure in the sense of [1] . If we construct an invariant Hermitian metric on a Real line bundle by average, then its unit sphere bundle gives rise to a Real circle bundle. Conversely, there is the Real line bundle associated to a Real circle bundle. As usual, the choice of a Hermitian metric does not matter in classifications.
As is well-known, circle bundles (or complex line bundles) on a space X are classified by the second integral cohomology H 2 (X) = H 2 (X; Z). There is an equivariant analogue of this fact ( [20] ), and Z/2-equivariant circle bundles are classified by the equivariant cohomology H This classification is due to Kahn [23] , in view of the fact that the Thom isomorphism identifies H 2 ± (X) with the equivariant cohomology with local coefficients H 2 Z/2 (X; Z(1)), where Z(1) is the group Z with the Z/2-action n → −n. We write c R 1 (E) ∈ H 2 ± (X) for the cohomology class classifying a Real circle bundle π : E → X. Then we get the following Gysin sequence:
± (X) → · · · . Now, one of our main theorems concerns a pair (E, h) consisting of a Real circle bundle π : E → X and a cohomology class h ∈ H 3 Z/2 (E). By an isomorphism of pairs φ : (E, h) → (E ′ , h ′ ), we mean an isomorphism of Real circle bundle φ : E → E ′ covering the identity of X such that φ * h ′ = h. Theorem 1.1. Let X be a space with Z/2-action.
(a) For any pair (E, h) on X, there exists another pair (Ê,ĥ) such that:
where p andp are the projections from E × XÊ = π * Ê =π * E:
We call (Ê,ĥ) a pair T-dual to (E, h). (b) The isomorphism class of a pair (Ê,ĥ) T-dual to (E, h) is unique. (c) The isomorphism class of a pair (Ê,ĥ) T-dual to (E, h) depends only on the isomorphism class of (E, h).
1 Z/2 (X; Z/2). Such twists will be omitted for simplicity in the present paper, except for a special case: Let R 1 be the real line bundle X × R with the Z/2-action τ (x, ξ) = (τ (x), −ξ), and w Z/2 1 (R 1 ) ∈ H 1 Z/2 (X; Z/2) its equivariant first Stiefel-Whitney class. Then, by the Thom isomorphism theorem, we have
which allows us to handle the twist by w Z/2 1 (R 1 ) implicitly. We now state the other main theorem: Theorem 1.2. Let (E, h) be a pair on a finite Z/2-CW complex X, and (Ê,ĥ) a pair T-dual to (E, h). For any n ∈ Z, there exist K * Z/2 (X)-module isomorphisms
The notion of a Z/2-CW complex is a generalization of that of a CW complex [25] . In general, for a compact Lie group G, a G-CW complex is a space with G-action constructed from G-cells and attaching G-maps as in the case of a usual CW complex. A G-cell is a G-space of the form G/H × e d , where H ⊂ G is a closed subgroup, e d is a usual d-dimensional cell, and G acts on G/H by the left multiplication but on e d trivially. A compact smooth manifold with smooth G-action provides an example of a finite G-CW complex.
If Z/2 acts on X freely, then a Real (principal) circle bundle on X yields a (general) circle bundle on X/Z 2 in the sense of Baraglia [4] , and our main theorem recovers his topological T-duality for such circle bundles.
The proof of our main theorem is topological: To prove Theorem 1.1, we employ ideas of Baraglia [4] as well as Bunke and Schick [9] . We are not using the idea of a classifying space in [9] , but such an approach is possible (see Subsection 5.6). The proof of Theorem 1.2 is parallel to that in [9] , except for a modification of the T-dual transformation due to the fact that a Real circle bundle is not necessarily equivariantly K-orientable.
1.3.
Background from string. We here try to explain the background of the main theorem: orbifolding of string theory.
It is widely recognized [37] that the Ramond-Ramond charges of D-branes in the superstring theory of type IIA, IIB and type I live in the even K-theory K 0 (X), the odd K-theory K 1 (X), and KO-theory KO(X), respectively. T-duality is one of dualities relating superstring theories (see e.g. [36] ). For instance, IIA and IIB theories are T-dual on the toroidal compactifications along 1-dimension. This means that IIA and IIB theory, which are formulated on R 10 originally, give rise to 'equivalent' theories on R 9 × S 1 . This equivalence is compatible with the K-theoretic description of D-brane charges, since there is an isomorphism [22] :
The work of Bouwkneght, Evslin and Mathai [5] came from an attempt to generalize the above relation of K-theory on the trivial circle bundle X×S 1 → X to non-trivial bundles in a way consistent with other background of string theory.
Aside from a compactification, there is another recipe to produce a theory from string theory, called orbifolding (see [15, 34] ). Roughly, this recipe is to take into account a symmetry of a superstring theory. An action of a group on the spacetime R 10 gives rise to a symmetry. Apart from such an 'external' symmetry, there also exist 'internal' symmetries. For example, we can switch the orientation of a string. This Z/2-symmetry, which makes sense in IIB theory, is often denoted by Ω. Another internal symmetry is the Z/2-symmetry (−1)
FL in type II theory, which acts according to the left moving spacetime fermion number. In general, we use a mixture of these symmetries to orbifold. In the case where Ω is included, an orbifolding is called an orientifolding.
Upon orbifolding, the home of D-brane charges, i.e. K-theory, is to be modified accordingly [37] : For the external symmetry given by a group action, the modification of K-theory is equivariant K-theory. For Ω, the modification is KR-theory [1] . Then, for (−1)
FL , the modification is the variant K ± . Note that orbifolding happens to relate string theories also. For example, the orientifolding of IIB theory by Ω gives rise to type I theory, and the orbifolding of IIB theory by (−1)
FL to IIA theory. These relations of theories are compatible with those of K-theories: If Z/2 acts on a space X trivially, then there are isomorphisms
Now, we come to the point. The compatibility of dualities and orbifolding is an issue of physicists, and is tested in various cases. As a case where the compatibility is valid [15, 12, 34] , we consider the 2k-dimensional torus T 2k = R 2k /Z 2k with the Z/2-action I 2k : x → − x. Then, by T-duality, the orbifolding of IIA theory compactified on T 2k by I 2k is related to the orbifolding of IIB theory compactified on T 2k by (−1) FL I 2k , the mixture of the spatial symmetry I 2k and the internal symmetry (−1)
FL . In this case, the compatibility of K-theories is also verified in [12] . Actually, for any Z/2-space X and the torus T ℓ with the Z/2-action x → − x, a repeated use of the Gysin sequence provides us the isomorphisms:
In view of these isomorphisms and the original topological T-duality, it is now natural to anticipate our topological T-duality.
1.4.
Outline of the paper. This paper is roughly divided into two parts: The former part reviews H ± and K ± , and the latter proves the main theorems.
In Section 2, we begin with Borel's equivariant cohomology (with local coefficients), and then review basic properties of H ± including the Thom isomorphism theorem. The Chern classes of Real vector bundles are also reviewed here. In Section 3, we recall equivariant twisted K-theory briefly and then introduce the twisted version of K ± . Though is parallel to H ± , some basic properties of K ± are summarized for later convenience. After these preliminary, in Section 4, we determine the ring structure of K *
, whose corollary is necessary for the proof of Theorem 1.2. Then, in Section 5, we prove our main theorems. An example illustrating the theorems, a construction of the classifying space for pairs, and a proposal of a possible topological T-duality are also given in this section. Finally, in Appendix A, we prove Kahn's classification of Real line bundles [23] , supplying some details omitted in his original French paper.
1.5. Convention. Throughout the paper, we denote by Z/2 = {0, 1} the cyclic group of order 2. We also use the notation Z 2 = {±1} to mean Z/2, in the context where the group product is treated multiplicative, or in order to suppress notations. The trivial 1-dimensional real representation of Z/2 will be denoted by R 0 , while the non-trivial one by R 1 orR. The interval [−1, 1] ⊂ R 1 will be written asĨ.
Similarly, the trivial 1-dimensional complex representation of Z/2 will be denoted by C 0 and the non-trivial one by C 1 . The representation ring R(Z/2), generated by complex representations of Z/2, will be identified with R = Z[t]/(t 2 − 1). The ideals I and J in R are defined by I = (1 − t) and J = (1 + t). Some details of these ideals can be found in the appendix of [27] .
All spaces in this paper are assumed to be locally contractible, paracompact and completely regular, as in [10] . For a Z/2-space X, i.e. a space equipped with a Z/2-action, we write τ : X → X for the action of the non-trivial element in Z/2. According to the context, we also use the notation gx to mean the point x ∈ X acted by g ∈ Z 2 . Given another space Y with Z/2-action, the direct product X × Y is always given the Z/2-action (x, y) → (τ (x), τ (y)). We will write pt for the space consisting of a single point, on which Z/2 acts trivially. For a (real or complex) representation V of Z/2, we write V for the Z/2-equivariant vector bundle on X such that its underlying space is X × V and Z/2 acts by τ (x, v) = (τ (x), τ (v)). Basically, S 1 stands for the circle with the trivial Z/2-action, andS 1 for the circle S 1 ⊂ C with the Z/2-action u →ū = u −1 . Finally, we use 'Real' to mean the real structure in the sense of [1] .
A variant of cohomology: H ±
This section reviews H ± : After recalling Borel's equivariant cohomology (with local coefficients), we review the definition of H ± , its basic properties, its interpretation as a cohomology with local coefficients, the Thom isomorphism for Real line bundles, and the Chern classes of Real vector bundles.
2.1.
Review of Borel's equivariant cohomology. To begin with, we recall Borel's equivariant cohomology: Let EZ 2 → BZ 2 denote the universal principal Z/2-bundle. For a space X with Z/2-action, we write EZ 2 × Z2 X for the quotient of EZ 2 × X by the Z/2-action τ (ξ, x) = (τ (ξ), τ (x)). Then, for n ∈ Z, we define the Z/2-equivariant cohomology group to be the singular cohomology group of
The cup product in singular cohomology induces that in the equivariant cohomology H H * Z/2 (X) gives rise to a module over the ring
where t ∈ H 2 (BZ 2 ).
Since the singular cohomology constitutes a (generalized) cohomology theory, the equivariant cohomology also constitutes a (generalized) Z/2-equivariant cohomology theory: The relative cohomology H * Z/2 (X, Y ) is defined for a pair (X, Y ) consisting of a Z/2-space X and its invariant closed subspace Y . Then the homotopy axiom, the excision axiom, the exactness axiom as well as the additivity axiom hold true.
Associated to this Z/2-equivariant cohomology, the reduced cohomology theory also makes sense: In the case where a Z/2-space X has a fixed point pt ∈ X, the reduced theoryH n Z/2 (X) is defined as the kernel of the homomorphism H n Z/2 (X) → H n Z/2 (pt) induced from the inclusion pt → X. Then we have the natural decomposition
, where we let Z/2 act on an interval I trivially and define the reduced suspension ΣX to be ΣX = X ∧ S 1 = (X × I)/(pt × I ∪ X × ∂I).
By the similar argument as above, H * Z/2 (X) enjoys the Thom isomorphism theorem for Z/2-equivariant real vector bundles admitting Z/2-equivariant orientation, such as Z/2-equivariant complex vector bundles. From the Thom isomorphism theorem, the Gysin exact sequence is derived.
Notice that, for a Z/2-equivariant real vector bundle V → X, the obstruction to the equivariant orientability is the equivariant first Stiefel-Whitney class w
In the case where V is equivariantly non-orientable, the Thom isomorphism theorem and the Gysin sequence involve equivariant cohomology with local coefficients.
2.2.
Equivariant cohomology with local coefficients. As the coefficients of the usual singular cohomology are generalized to local coefficients (see [11, 35] and [4] for example), the coefficients of Borel's equivariant cohomology are also generalized to local coefficients.
Let X be a space with Z/2-action. In general, a module M over the group π 1 (EZ 2 × Z2 X) defines a local system on EZ 2 × Z2 X. Using this local system, we define the equivariant cohomology with local coefficients in M:
We are particularly interested in modules Z whose underlying groups are Z. In this case, the module structure on Z defines a homomorphism of groups π 1 (EZ 2 × Z2 X) → Z/2, and vice verse. Such homomorphisms are in one to one correspondence with elements in H 1 Z/2 (X; Z/2). Thus, identifying the local system Z with an element ω ∈ H 1 Z/2 (X; Z/2), we put H ω+n Z/2 (X) = H n Z/2 (X; Z). This notation, which regards a local system as a kind of grading, is justified by the existence of the cup product
The cohomology H 1 Z/2 (X; Z/2) classifies Z/2-equivariant real line bundles L → X through their equivariant first Stiefel-Whitney class. Thus, such a line bundle L also plays a role of a local system. In this case, we write
With the notation above, the Thom isomorphism theorem is generalized as follows: Let π : V → X be a Z/2-equivariant real vector bundle of rank r. We write det V for the equivariant real line bundle given by the determinant line bundle of V . Then, for any n ∈ Z, there is an isomorphism of H * Z/2 (X)-modules
where D(V ) and S(V ) are the disk bundle and the sphere bundle associated to a Z/2-invariant Riemannian metric on V . As usual, the Thom class
On a space X with Z/2-action, there always exists a particular local system Z(m) for each m ∈ Z. This appears in a number of works such as [23, 29] , and is defined to be the group Z on that π 1 (EZ 2 × Z2 X) acts through the natural homomorphism in the homotopy exact sequence for the fibration X → EZ 2 × Z2 X → BZ 2 :
The local system Z(m) corresponds to the Z/2-equivariant real line bundle R m such that its underlying real line bundle is X × R and the Z/2-action is τ (x, r) = (τ (x), (−1) m r). Note that R m on X is the pull-back of R m on pt. Taking Z(m) or equivalently R m as a local system, we get
These cohomology groups assemble to give the ring m,n H R m +n Z/2 (X) graded by the real representation ring RO(Z/2) = Z ⊕ Z. We can also regard that this ring is graded by Z ⊕ Z/2 due to the periodicity Z(m + 2) = Z(m) or R m+2 = R m .
It should be noticed that R 1 may become trivial depending on the base space X. For example, if X = Y ⊔ Y is the disjoint union of two copies of a space Y and Z/2 acts on X by exchanging the copies, then w
For computations of H * Z/2 (X; Z(m)), useful is the Serre spectral sequence for the fibration X → EZ 2 × Z2 X → BZ 2 , which reads
In the above, H * group (Z 2 ; M) stands for the group cohomology [7] of Z 2 with its coefficients in a Z/2-module M, and the cohomology H q (X; Z) is regarded as a Z/2-module by the Z/2-action induced from that on X. It is know that:
Definition 2.1. For a space X with Z/2-action and n ∈ Z, we put
By the definition based on the Z/2-equivariant cohomology, H n ± (X) is a (graded) module over the ring H * Z/2 (pt). Moreover, H n ± (X) is a (graded) module over the ring H * Z/2 (X). We can further introduce a graded commutative multiplication
. This is the composition of
, in which the Thom isomorphism for the equivariant real vector bundle C 1 ∼ = R 1 ⊕R 1 is applied. By construction, the multiplication is compatible with the structure of the module over H * Z/2 (X). Hence the ring H * Z/2 (X) and the module H * ± (X) combine to form a Z ⊕ Z/2-graded ring
In the case where Y ⊂ X is an invariant closed subspace, we define the relative group H n ± (X, Y ) as follows:
Using this relative version, we can recover H * Z/2 from H * ± : Lemma 2.2. For any space X with Z/2-action and n ∈ Z, we have a natural H
Proof. The Thom isomorphism for C 1 and the definition of H * ± give:
2.4. Basic property of H ± . Because of the definition via H * Z/2 , the cohomology groups H * ± (X) constitute a Z/2-equivariant cohomology theory as well: The homotopy, excision, exactness and additivity axioms are satisfied. There also exists the corresponding reduced theoryH * ± (X) = H * ± (X, pt) for Z/2-spaces with fixed point. As usual, we have H
To compute H * ± , the following is useful: 
where f and f ′ are the map forgetting the Z/2-action.
Proof. The first exact sequence directly follows from the exact sequences for the pair (X ×Ĩ, X × ∂Ĩ) in H * Z/2 . For the second one, we similarly consider the exact sequence for the pair in H * ± :
sinceĨ is equivariantly contractible. We also have a module isomorphism
since Z/2 acts on ∂Ĩ freely.
Using the proposition above, we can determine the cohomology ring of pt:
Proposition 2.4. We have a ring isomorphism 
The first exact sequence in Proposition 2.3 immediately gives
Further, δ in the exact sequence is a map of modules over H * Z/2 (pt), which determines the module structure on H * ± (pt). Explicitly, if we write s ∈ H 1 ± (pt) for the non-trivial element, then t 2i s ∈ H 2i+1 ± (pt) is the additive generator. Now, to determine the ring structure in question, it suffices to determine whether s 2 ∈ H 2 Z/2 (pt) is trivial or not. For this aim, we consider the following diagram: 
Proof. The Thom isomorphism for R 1 gives
The definition of H * ± completes the proof.
The cup product in equivariant cohomology with local coefficients is compatible with the multiplication defined in Subsection 2.3 through the isomorphism in Proposition 2.5, because Φ Z/2 (R 1 )Φ Z/2 (R 1 ) = Φ Z/2 (C 1 ). Therefore the graded ring H * (X) is isomorphic to ⊕ m,n H n Z/2 (X; Z(m)). As a simple application of Proposition 2.5, we have: Proposition 2.6. For any space X with Z/2-action and n ∈ Z, the maps δ and δ 
Proof. By Proposition 2.5, we can identify the exact sequences in Proposition 2.3 with the Gysin sequences for the sphere bundle S(R 1 ) → X, and the generator t
1/2
with the Euler class Φ Z/2 (R 1 ).
Corollary 2.7. The compositions
It is well-known that the equivariant cohomology of a space X with free Z/2-
. Another simple application of Proposition 2.5 gives the corresponding result for H * ± : Lemma 2.8. For a space X with free Z/2-action, there exists a natural isomorphism of groups
where We remark that the isomorphism above makes
Proof. By Proposition 2.5, we have H
Since the Z/2-action is free, everything descend to the quotient.
2.6. Thom isomorphism for Real line bundle. Let X be a space with Z/2-action, and π : R → X a Real line bundle, that is, a complex line bundle with real structure. Forgetting its complex structure, we get a real vector bundle of rank 2, which we denote by R R . Though R is not equivariant as a complex vector bundle, the real vector bundle R R is equivariant. We thus get the determinant bundle det R R = detR R , which is a Z/2-equivariant real vector bundle of rank 1.
Lemma 2.9. For any Real line bundle π : R → X over a space X with Z/2-action, there is a natural isomorphism of Z/2-equivariant real vector bundles:
Proof. If we forget about the Z/2-action, then the determinant bundle det R R admits a canonical section. Explicitly, the value of the section at x ∈ X is v ∧ Jv ∈ det R R, where v ∈ R is any unit norm element (with respect to a Z/2-invariant Hermitian metric) and J : R → R is the multiplication of i ∈ C. This section defines an isomorphism det R R ∼ = R 1 of the underlying bundles. Recalling that R is a Real vector bundle, we compute the Z/2-action on the section to have
This proves that the isomorphism det R R ∼ = R 1 is Z/2-equivariant. Theorem 2.10 (Thom isomorphism). Let X be a space with Z/2-action. For any Real line bundle π : R → X and n ∈ Z, we have natural isomorphisms of modules over
If we write
Proof. This is a direct consequence of the Thom isomorphism theorem in equivariant cohomology with local coefficients, Lemma 2.9 and Proposition 2.5.
In the same way as usual, we define the Euler class χ R (R) ∈ H 2 ± (X) of a Real line bundle π : R → X to be the image of 1 ∈ H 0 Z/2 (X) under the composition of
Similarly, we define the push-forward π * :
The push-forward π * :
is defined in the same way. Now, considering the exact sequence for the pair (D(R), S(R)), we get: 
In the statements above, H * Z/2 and H * ± are dealt with separately, so that two Thom isomorphisms and two Gysin sequences are. If we combine them, then we get a single Thom isomorphism theorem and a single Gysin exact sequence in H * respecting the H * (X)-module structures.
LetS 1 be the unit circle S 1 ⊂ C whose Z/2-action is u →ū = u −1 . For any space X with Z/2-action, the direct product X ×S 1 is the total space of the trivial Real circle bundle π : X ×S 1 → X. Because of the equivariant section i : X → X ×S 1 , (i(x) = (x, pt)), the Gysin sequences reduce to the split exact sequences:
Z/2 (X), which are also compatible with the H * (X)-module structures. The next lemma, which we use later, is an application of the above splitting.
Lemma 2.12. The following holds true:
(a) We have a ring isomorphism
In low degree, we have:
Proof. We choose a fixed point p ∈S 1 , which is +1 or −1. Setting i(pt) = p, we define a section i : pt →S 1 of the projection π :S 1 → pt. We use this section to split the Gysin sequence. If we choose χ ∈H 1 ± (S 1 ) such that π * χ = 1, then we have the following basis of H * (S 1 ) respecting the H * (pt)-module structure:
where k ≥ 1. To determine χ 2 , we coverS 1 by two intervals U and V such that U ∼ = V ∼ = pt and U ∩ V ∼ = ∂Ĩ equivariantly. In the Mayer-Vietoris sequence for {U, V }, we find the following surjections:
, provided that U contains the fixed point p. From these expressions, we conclude χ 2 = t 1/2 χ, completing the proof of (a). The expressions above also prove (b).
The Thom isomorphism theorem for Real line bundles is readily generalized to Real vector bundles π : V → X of rank r > 1. In the case where r is odd, the Thom isomorphism is similar to the case of r = 1, since det R V = R 1 . However, in the case where r is even, we have det R V = R 0 . Therefore the Thom isomorphisms have the following form:
Accordingly, the Gysin exact sequences are
where the Euler class χ R (V ) lives in H 2r Z/2 (X).
2.7.
Chern class of Real vector bundle. For a Real vector bundle π : V → X over a Z/2-space X, the notion of Chern classes is formulated in [23, 29] . In this paper, we will write the ith Chern classes of V as
We will regard c
(X) by using Proposition 2.5 freely. These Chern classes and the usual Chern classes are compatible under the operation of forgetting Z/2-actions, that is, f and f ′ carry c
Most of the properties of these Chern classes c R i (V ) are parallel to those of the usual Chern classes. For example, the total Chern class c 
We give a proof of this classification in Appendix A. As is mentioned in Introduction, the notion of Real line bundles and that of Real circle bundles are essentially the same. Hence the first Chern class c R 1 will also be adapted to Real circle bundles.
As in the case of line bundles without real structure, there exists the classifying space for Real line bundles (see for example [21] for a proof of this fact): Concretely, the classifying space for Real line bundles is CP ∞ = lim − →n CP n with the Z/2-action induced from the complex conjugation on CP n = (C n+1 \{0})/C * , and the universal line bundle on CP ∞ gives rise to the universal Real line bundle. Any Real line bundle R on a Z/2-space X is isomorphic to the pull-back of the universal Real line bundle under a Z/2-equivariant map φ : X → CP ∞ , and hence c R 1 (R) is the pull-back of the first Chern class of the universal Real line bundle.
Given a Real line bundle π : R → X on a space X with Z/2-action, its underlying Z/2-equivariant real vector bundle R R of rank 2 has the third integral Stiefel-
. This characteristic class is the obstruction to the existence of Z/2-equivariant Pin c (2)-structure on R R . (See for example [24] about Pin c -groups and Pin c -structures.)
Proposition 2.14. For any Real line bundle π : R → X, we have:
As a result, we see that W Z/2 3 (R) does not generally agrees with W Z/2 3
We show a few lemmas to prove Proposition 2.14.
Lemma 2.15. Let S 1 be the circle with the trivial Z/2-action. Then we have the following ring isomorphism:
where
In low degree:
Proof. Since H * (S 1 ; Z) is of torsion free, an application of the Künneth formula to the definition of the equivariant cohomology gives H *
In the same way, we have H *
Let R → S 1 be the Real line bundle such that its underlying line bundle is R = S 1 triv × C and Z/2 acts by τ (u, z) → (u, uz), where we regard u ∈ S 1 ⊂ C.
Proof. The spectral sequence
degenerates at E 2 , as is seen by comparing the computation of H * Z/2 (S 1 ) so far. Hence we have
With this isomorphism, W Z/2 3 (R) is computed as follows: We choose an invariant Hermitian metric on R. If we ignore the group action, then the unoriented frame bundle of R R is F = S 1 × O(2), and there is the unique Pin c (2)-structureF = S 1 × Pin c (2). We here try to lift the Z/2-action on F to that onF . A candidate of a lift is expressed as g · (u,η) = (u, φ(g; u)η) for g ∈ Z 2 and (u,η) ∈F by using a map φ :
. Then we get a group 2-cocycle ζ of Z 2 with values in the group Map(S 1 , U (1)) of U (1)-valued functions by the formula
(R R ). Now, we carry out the computation above concretely. The Z/2-action on F induced from that on R is identified with τ (e iθ , g) = (e iθ , r(θ)ǫg), where
To construct a candidate of a lift, we recall the group Pin(2):
where the Clifford algebra Cl(2) is the algebra over R generated by e 1 and e 2 subject to the relations e 2 1 = e 2 = −1 and e 1 e 2 + e 2 e 1 = 0. The Z/2-covering ̟ : Pin(2) → O(2) is given by ̟(cos θ + sin θe 1 e 2 ) = r(2θ), ̟(cos θe 1 + sin θe 2 ) = r(2θ)ǫ
The group Pin c (2) is then given by
where Z 2 acts on Pin(2) × U (1) by (g, z) → (−g, −z). We write [g, z] ∈ Pin c (2) for the element represented by (g, z). Now, we define φ : We easily see
which is mapped to a non-trivial class in 
the first Chern class of the universal Real line bundle. In low degree, we have:
, where c ∈ H 2 (CP ∞ ; Z) ∼ = Z is the first Chern class of the universal line bundle. The Z/2-space CP ∞ is an example of a spherical conjugation complex [21] . For such a space, the spectral sequence reviewed in Subsection 2.2 degenerates at the E 2 -term [29] . Hence H * (CP 
The proof of Proposition 2.14. For a space X with Z/2-action, the assignment of W :
is a non-trivial map Z → Z/2, i.e. the reduction mod 2. For its proof, we use the commutative diagram from the naturality
where φ * ± and φ * Z/2 are the pull-back under a map φ :
(R) = 0, this Real line bundle is nontrivial, hence so is φ * ± : Z → Z/2. Clearly, φ * Z/2 : Z/2 → Z/2 is the identity. By Lemma 2.15, the map W
Z/2 (S 1 ; Z) turns out to be the identity
This section reviews K ± and its twisted version. The properties of K ± are basically parallel to those of H ± , but the differences are to be noticed.
3.1. Review of equivariant twisted K-theory. Twisted K-theory is originally invented in [18, 30] . Equivariant twisted K-theory is in a sense equivariant Ktheory with local coefficients. We call the datum playing the role of a local system a twist. Applying the formulation in [10] to the groupoid associated to a space X with Z/2-action, we have the monoidal category of (equivariant, graded) twists Twist Z/2 (X). The group π 0 (Twist Z/2 (X)) of isomorphism classes of twists on X fits into the exact sequence:
This exact sequence splits as a set, but not as a group: its extension class
is the Bockstein homomorphism associated to the exact sequence of coefficients Z → Z → Z/2. We write Twist 0 Z/2 (X) for the subcategory of twists consisting of 'ungraded twists', i.e. twists classified by H 3 Z/2 (X; Z). On any twist τ ∈ Twist Z/2 (X), a Z/2-equivariant line bundle acts as an automorphism, preserving the subcategory Twist 0 Z/2 (X). Actually, in this subcategory, the automorphism group of a twist τ ∈ Twist 0 Z/2 (Z/2) is isomorphic to the equivariant cohomology H 2 Z/2 (X; Z), which classifies Z/2-equivariant line bundles [20] .
Given a twist τ ∈ Twist Z/2 (X) and n ∈ Z, we have the Z/2-equivariant twisted K-group K τ +n Z/2 (X). If twists are isomorphic, then the corresponding twisted Kgroups are isomorphic. Accordingly, we often use the notation
, keeping track of the isomorphism class of twists only. If h = 0, then the twisted equivariant K-group recovers the usual equivariant K-group. By means of a multiplication
(X), the group n K h+n Z/2 (X) gives rise to a graded module over the equivariant K-ring K * Z/2 (X). In particular, K h+n Z/2 (X) is always a module over the representation ring
The equivariant twisted K-groups form a Z/2-equivariant cohomology theory on a suitable category: We can formulate the relative group K τ +n Z/2 (X, Y ) for a pair (X, Y ) and a twist τ ∈ Twist Z/2 (X). Then the homotopy axiom, the excision axiom, the exactness axiom and the additivity axiom hold true. Further, the Bott periodicity is satisfied:
For a Z/2-equivariant real vector bundle π : V → X of rank r and τ ∈ Twist Z/2 (X), the Thom isomorphism for equivariant twisted K-theory is the following isomorphism of K * Z/2 (X)-modules [10] :
(X), the push-forward along π : S(V ) → X and the Gysin exact sequence follow as usual.
In the above, we only concerned Z/2-equivariant case. Forgetting the group action, we have the same story of twisted K-theory K τ +n (X) on a space X.
3.2.
The variant K ± and its twisted version.
Definition 3.1. Let X be a space with Z/2-action. For τ ∈ Twist 0 Z/2 (X) and n ∈ Z, we define K τ +n
When τ is trivial, we just write K n ± (X) = K τ +n ± (X). As in the case of H ± , the group K τ + * ± (X) is a module over K * Z/2 (X) and hence K 0 Z/2 (pt) ∼ = R. We can further define the multiplication
in the same way as in Subsection 2.3. We put
. which is graded by Z ⊕ Z with double periodicity, i.e. Z/2 ⊕ Z/2. Then K τ + * (X) is a module over the ring K * (X) as well as K * (pt).
In the case where X contains an invariant closed subspace Y , we define
Using this relative version, we can again recover
As in the case of H ± , we can interpret K τ +n ± (X) as a twisted K-theory:
Z/2 (X) and n ∈ Z, there is a natural isomorphism of K * (X)-modules
Proof. Thom isomorphism for R 1 establishes the lemma.
defined by using the product in twisted K-groups via the lemma above agrees with that defined in the same way as in Subsection 2.3.
3.3. Axiom of K ± . The groups K τ +n ± (X) again constitute a Z/2-equivariant cohomology theory, so that the homotopy axiom, the excision axiom, the exactness axiom, and the additivity axiom hold true.
For later convenience, we here state the axioms precisely: We write (X, τ X ) for a pair consisting of a space with Z/2-action and a twist τ ∈ Twist
* , so that the following diagram commutes: 
Proof. By the homotopy equivalence
). In view of this fact, the twists π 
For a family of spaces X λ and twists τ λ ∈ Twist 0 Z/2 (X λ ), the inclusion induces a natural isomorphism
3.4. Basic property of K ± . We summarize here the other basic properties. 
Proof. The argument in the proof of Proposition 3.6 applies without change.
Proposition 3.7. We have R-module isomorphisms
Further, we have a ring isomorphism
,
Proof. The R-modules structures are straightforward by Proposition 3.6. To determine the ring structure, it suffices to compute σ
Proposition 3.8. For any space X with Z/2-action, τ ∈ Twist 0 Z/2 (X) and n ∈ Z, the maps δ and δ ′ in Proposition 3.6 have the following realizations:
Therefore the compositions
Proof. The same argument as in the case of H ± can be adapted.
Lemma 3.9. Let X be a space with free Z/2-action. For any τ ∈ Twist 0 Z/2 (X) and n ∈ Z, there exists a natural isomorphism of groups
Proof. The twisted K-theory of a local quotient groupoid is invariant under local equivalences [10] . The groupoid associated to the free Z/2-space X and the quotient space X/Z 2 are in local equivalence. Now Proposition 3.2 completes the proof.
Thom isomorphism for Real line bundle. Theorem 3.10 (Thom isomorphism). Let X be a space with Z/2-action, and π : R → X a Real line bundle. For h ∈ H
3 Z/2 (X; Z) and n ∈ Z, we have natural isomorphisms of modules over K * Z/2 (X):
(D(R), S(R)).

If we write
Proof. Noting Lemma 2.9, we have
. Then the Thom isomorphism for equivariant twisted K-theory and Proposition 2.5 complete the proof.
As before, the Euler class χ R (R) ∈ K W Z/2 3 (R)+0 ± (X) of a Real line bundle π : R → X is defined to be the image of 1 ∈ K Z/2 (X) under the composition of
The push-forward π * : K
(X) along π : S(R) → X is defined to be the composition of 
As in the case of ordinary cohomology, K Z/2 and K ± combine to give a single Gysin sequence respecting the K * (X)-module structures.
We will later use the following property of the push-forward:
Proposition 3.12. Let X be a space with Z/2-action, Y ⊂ X an invariant closed subspace, and h ∈ H 
Z/2 (X; Z). For any Real line bundle π : R → X, the pushforward is compatible with the exact sequences for pairs, i.e. the following diagram is commutative (up to sing):
Proof. Since the roles of K Z/2 and K ± are interchangeable, we only consider the former case. Then the only non-trivial part is the commutativity of the diagram
Because of the naturality of the Thom isomorphism, the commutativity of the above diagram follows from that of the following diagram by substituting X = D(R), A = D Y , B = S and σ = π * (h + W 3 ):
where the upper row comes from the exact sequence for the pair (B, A ∩ B), the lower row from the triad (X ; A, B), the left column from the pair (A, A∩B), and the right column from the triad (X ; B, A). The commutativity of the diagram further reduces to that of
where the homomorphisms in the above are the connecting homomorphisms in the exact sequences for pairs, or the excision isomorphism. In a direct manner, we can verify the commutativity of the last diagram (up to sign).
Computation on the torus
We compute the equivariant K-theory and its variant for the n-dimensional torus. In particular, the case of n = 1, 2, 3 is studied in some detail.
We writeS
1 for the circle S 1 ⊂ C with its Z/2-action given by complex conjugation. In view of the identificationĨ/∂I ∼ =S 1 induced byĨ →S 1 , (t → exp πit), we choose −1 ∈S 1 as the base point pt ∈S 1 . For n ≥ 1, we putT n = (S 1 ) n .
4.1. General case. Let X be any space with Z/2-action, and π : X ×S 1 → X the trivial Real circle bundle. Because of the equivariant section i : X → X ×S 1 , (i(x) = (x, pt)), the Gysin sequences reduce to the split exact sequences:
Z/2 (X). Further, these isomorphisms are compatible with the K * (X)-module structures.
Proposition 4.1. For n ≥ 1, we have the following R-module isomorphisms
Notice that the result of K * Z/2 (T n ) is already known in [27] .
(cf. [12])
Proof. RegardT n =T n−1 ×S 1 as the trivial Real circle bundle. Then the proposition follows from an induction based on the splitting of the Gysin sequence.
We here construct the section of the projection π * :
± (X) in a natural way: As before, let i : X → X ×S 1 be the inclusion i(x) = (x, pt). Thanks to the projection π : X ×S 1 → X, the exact sequence for the pair (X ×S 1 , X × pt) also reduces to a split exact sequence
RecallĨ/∂Ĩ ∼ =S 1 . We write j * : K n−1
by an abuse of notations.
Lemma 4.2.
The composition π * • j * is the identity of K n−1 ± (X):
Proof. Replacing X by X ⊔ pt if necessary, we can assume X admits a fixed point p ∈ X. The decompositions of K ± and K Z/2 by means of the reduced theories K ± andK Z/2 are compatible with j * and π * . Hence it suffices to prove that the compositions of the following maps are the identity maps:
Recalling the definition of the push-forward and the construction of the Thom isomorphism for Real line bundles, π * j * in the upper row decomposes as follows:
whereD 2 ⊂ C 1 is the unit disk, and the last Thom isomorphism is that for R 0 → X ×Ĩ. Using the reduced theory, we can write the above maps as follows:
The composition of the inclusion j * and the connecting homomorphism is the suspension isomorphismK
. Since the suspension isomorphism is inverse to the Thom isomorphism for R 0 , we conclude π * j * is the identity. The remaining case can be shown in the same way.
A basis of
bundle overS 1 constructed from the irreducible representation C i . Let L →S 1 be the equivariant line bundle such that its underlying line bundle is L = S 1 × C and Z/2 acts by τ (u, z) = (ū, −uz). By abuse of notations, we just write C 0 , C 1 and L to mean the elements they represent in K 0 Z/2 (S 1 ). We introduce a ring homomorphism
In the above,
, where f is to forget the Z/2-action, and x → x| ±1 is to focus on the representation of the fiber of a Z/2-equivariant vector bundle at the fixed points ±1 ∈S 1 . Noting that
we can readily see that F takes the following values:
Lemma 4.3. The following holds true:
is generated by C 0 , C 1 and L. In particular, respecting the R-module structure, we have the following basis:
(b) The ring homomorphism F is injective. (c) We have the following relations in
(d) There are ring isomorphisms:
where L and ℓ are related by ℓ = 1 − L.
Proof. For (a), let K be the free abelian group generated by C 0 , C 1 and L, and ι : K →K 0 Z/2 (S 1 ) the natural homomorphism. To prove that ι is bijective, we use the Mayer-Vietoris sequence: We define U and V as follows:
Apparently, U and V are equivariantly contractible, and U ∩ V ∼ = ∂Ĩ. The MayerVietoris sequence and Proposition 4.1 provide us: 
A basis of
We write π i :T 2 →S 1 for the ith projection from
We also define the equivariant line bundle H ′ →T 2 by
where (u, x, z) ∼ (u, x + n, u n z) for n ∈ Z. The Z/2-action τ :
If we forget about Z/2-actions, then c 1 (H) = 1 in H 2 (T 2 ; Z) ∼ = Z with respect to the standard orientation ofT 2 , and there is a ring isomorphism
As before, we put F (x) = (f (x), x| (i,j) ) and define the ring homomorphism
where R (i,j) = R. We have the following values of F :
Lemma 4.4. The following holds true:
In particular, respecting the R-module structure, we have the following basis:
Proof. Let K be the subgroup generated by {C 0 , 
We can directly verify i * Z/2 (K) = Ker∆ Z/2 . Bearing this fact in mind, we consider the following maps of exact sequences
where K ′ is the kernel of i * Z/2 restricted to K, the injection ι ′ is induced from ι, the third row comes from the Mayer-Vietoris sequence for usual K-theory, and f are the maps forgetting Z/2-actions. Now, the thing to be shown is ι
A direct computation proves that K ′ is generated by C 1 H + H − C 1 − C 0 . Using this information and the diagram above, we find
Therefore ι is bijective, and
Because L 1 and L 2 are the pull-back of L →S 1 under the projections π i :T 2 →S 1 , we get the basis respecting the R-module structure of
, completing the proof of (a). Once a basis is known, (b) is directly verified. Using (b), we can check (c).
Remark 1. The idea of using the ring homomorphism F comes from a work of Hajime Fujita, where finite group actions on Riemann surfaces are studied. The original proof of the injectivity of F appeals to a localization formula of the equivariant index, by which we can further specify ring generators of equivariant K-theory. 
Setting F (x) = (f (x), x| (i,j,k) ) as before, we define the ring homomorphism
where R (i,j,k) = R. A table of values of F is in Figure 1 . Figure 1 . The values of F onT 3 .
Lemma 4.5. The following holds true:
is generated by:
In particular, the following basis respects the R-module structure:
Proof. The proof is exactly the same as in the case ofT 2 , so is omitted.
4.5. The ring structure of K * (S 1 ).
Proposition 4.6. The following holds true: (a) There is a ring isomorphism
where χ ∈K 
The elements χ, tχ, σ ∈ K 1 ± (S 1 ) have the following realization through the injection j * :
The proof requires a number of lemmas.
Lemma 4.7. Through the injection j
Proof. Recall that j * is the composition of
The isomorphism in the middle is induced from φ :Ĩ/∂Ĩ ∼ =S 1 , (t → exp πit). By a homotopy and some isomorphisms, we can directly identify the pull-back φ * (C 0 −L) with the Thom class Φ Z/2 (R 1 ) ∈ K 0 Z/2 (Ĩ, ∂Ĩ) of R 1 → pt, which is realized by the triple (C 0 , C 1 , η) consisting of equivariant line bundles C i =Ĩ × C i onĨ and the equivariant bundle map η : C 0 → C 1 given by η(t, z) = (t, tz). (a) The group K 1 ± (S 1 ) has the additive basis {x, y, z} such that
Proof. We can verify (a) using the ring monomorphism F forT 2 . For (b), we ob-
Lemma 4.9. Let c :S 1 ×S 1 →S 1 ∧S 1 = C 1 ∪ {∞} be the natural projection, and
) is realized by the triple (C 0 , C 1 , η) , where C i is the equivariant line bundles D(C 1 ) × C i over D(C 1 ) and η : C 0 → C 1 is the bundle map (ξ, z) → (ξ, ξz). By the compatibility with forgetting the group action, we have c 
under the push-forward along the projec-
Proof. LetD ⊂ C 1 be the unit disk with the Z/2-action z →z, so that ∂D =S 1 . The push-forward π * :
, so that we restrict ourselves to consider the push-forward π * :
, which is bijective. The factorization of π * above now reduces to:
This factorization is further identified with:
, we recall the expression
Z/2 (S ×S,S × pt) and consider the commutative diagram:
where c :S 1 ×S 1 →S 1 ∧S 1 is the natural projection. As is seen by using the long exact sequence for a pair, c * is injective. Now, from our knowledge of c * Φ and the definition of x, we get c * Φ = j * x, so that π * x = 1.
, we have:
is the composition of:
In the above,S 1 k =S 1 for k = 1, 2, 3, and µ is defined as µ(a, b) = j * 12 (a) · j * 13 (b) by using the map j 1k :S
The isomorphism β is the Thom isomorphism applied toS . We here use the commutative diagram:
where the projections c :S 1 × · · ·×S 1 →S 1 ∧ · · · ∧S 1 induce the vertical maps. By the long exact sequence for a pair, c * on the right turns out to be injective. Now, we use F forT 3 to see
The Thom class Φ 23 producing β :K 
. The computation of xz proceeds in the same way. A use of F shows
The proof of Proposition 4.6. Let x, y, z ∈K 1 ± (S 1 ) be the additive basis given in Lemma 4.8. As is seen, z = σ comes fromK 1 ± (pt), so that x and y = tx generatẽ K
is an isomorphism R ∼ = R, the characterizing condition on χ implies χ = x. By Lemma 4.11 and 4.4, we can see the ring structure of K * (S 1 ) is as stated. The correspondences with geometric realizations are clear from the construction.
4.6. The ring structure of K * (T 2 ). As before, we write π i :S 1 ×S 1 →S 1 for the ith projection.
Proposition 4.12. The following holds true:
(a) There is a ring isomorphism
are the unique elements such that (π 1 ) * χ 2 = 1 and
have the realization:
The elements
Proof. By Lemma 4.4, we know that the group K 0 Z/2 (T 2 ) has the geometric basis as described in (b). Also, by using Lemma 4.5, we can see that the group K 1 ± (T 2 ) has the geometric basis as described in (b). Since the push-forwards are compatible with restrictions, we have j * (χ i ) = C 0 −H i3 for i = 1, 2. In the same way as the case ofT 2 , we have j
. This fact further allows us to identify
)-module and using Lemma 4.5, we have
From this, {χ 1 , tχ 1 , χ 2 , tχ 2 , σ, σχ 1 χ 2 } is an additive basis ofK
, and we have hσ = σχ 1 χ 2 , where we put h = C 0 − H. That σ(χ 1 χ 2 − h) = 0 allows us the expression χ 1 χ 2 = h + α(1 + t)h + β(1 + t) for some α, β ∈ Z. By using the formula hχ 1 = hσ, which can be verified via F , we have
so that β = 0 and χ 1 χ 2 = h + α(1 + t)h. We here consider the push-forward (π 1 )
. Because (π 1 ) * (σχ 2 ) = σχ, the push-forward restricts to give an R-module isomorphism Zh ⊕ Zth → Zχ ⊕ Ztχ. This implies (π 1 ) * (h) ∈ {±χ, ±tχ}. Since (π 1 ) * (χ 1 χ 2 ) = χ, we conclude α = 0 and χ 1 χ 2 = h. This completes the proof of (a). From the construction, (b) is obvious. 
Proof. By direct computations, we get
This shows that T carries a basis to another basis.
Remark 2. T 2 = 1, T 4 = t and T 8 = 1, as can be verified by:
Topological T-duality for Real circle bundles
This section contains the proof of our main theorems: Theorem 1.1 and 1.2. We also give an example illustrating the main theorems, a construction of the classifying space for pairs, and finally a possible topological T-duality for future work.
5.1. The notion of pairs. Following [9] , we introduce the notion of pairs.
Definition 5.1. Let X be a space with Z/2-action.
(a) A pair (E, h) on X consists of a Real circle bundle π : E → X and an equivariant cohomology class
For any Real circle bundle π : E → X, we mean by a gauge transformation an equivariant bundle map Φ : E → E covering the identity of X. The group of gauge transformations of E is in the obvious way isomorphic to the group of Z/2-equivariant maps φ : X →S 1 . We denote by [X,S 1 ] Z/2 the group of homotopy classes of Z/2-equivariant maps φ : X →S 1 . Recall from Lemma 2.12 that
We define a homomorphism a as follows:
As will be shown in Appendix, this is an isomorphism (Proposition A.2).
Lemma 5.2. Let (E, h) be a pair on a space X with Z/2-action.
(a) Let φ : X →S 1 be an equivariant map, and Φ : E → E the corresponding gauge transformation. Then,
Thus, if φ is the constant φ(x) = −1, then
are isomorphic by a gauge transformation φ : X →S 1 . Such a φ is unique up to equivariant homotopy.
Proof. The following is a simple generalization of an argument in the proof of Theorem 2.16 in [9] : We factor Φ : E → E as follows:
is a bundle map covering π : E → X:
By the naturality of the push-forward, we have (π E ) * (m * h) = π * (π * h). Then, in view of the splitting of the Gysin sequence
, so that (a) is proved. Then (b) follows from (a), because of the fact that a : [X,
5.2. Uniqueness of T-dual pair. We prove here the uniqueness of a T-dual pair (Theorem 1.1 (c)) separately. The idea of the proof is hinted by [4] .
Given Real circle bundles E andÊ on a space X with Z/2-action, π,π, p,p and q are the following projections:
Proof. We consider the following maps of fiber bundles:
Being fiber preserving, these maps induce the following maps of the Leray-Serre spectral sequences compatible with the maps of the total spaces:
The E 2 -terms of these spectral sequences are as follows:
where the cohomology in the coefficients are regarded as Z/2-modules:
Now, from the first two spectral sequences, we get the map of exact sequences:
The upper exact sequence is identified with the Gysin sequence forπ :Ê → X. Hence our assumptionπ * µ = 0 implies that µ ∈ H 
by using some
2 (p) of spectral sequences carries the expression of ν above tô
where the contribution from d 3 disappears, because E 0,2 3 (p) = 0. The spectral sequence E p,q r (p) induces the Gysin sequence forp :π * E →Ê, so that we finally getπ Proof. By definition, we have 
Now, Lemma 5.2 completes the proof.
5.3.
The proof of Theorem 1.1. For the proof, we show a few lemmas. Given Real circle bundles π : E → X andπ :Ê → X on a Z/2-space X, let R E → X and RÊ → X be the associated Real line bundles. We denote by π S : S(R E ⊕ RÊ) → X the sphere bundle of the Real vector bundle R E ⊕ RÊ of rank 2, which we may write S = S(R E ⊕ RÊ). We have equivariant inclusions i : E → S andî :Ê → S.
Proof. The same construction as in [9] applies: Without loss of generality, we can assume that i andî preserve the Hermitian structures. We then definẽ
which apparently has the required property.
Given E andÊ as before, let π P : P (R E ⊕ RÊ) → X be the projective space bundle. We may write P = P (R E ⊕ RÊ) for brevity. The total space of the sphere bundle π S : S → X gives rise to that of a Real circle bundle ̟ : S → P . It holds π S = π P • ̟. The inclusions i andî induce sections r : X → P andr : X → P of π P , respectively, giving the commutative diagram:
Note that the Leray-Hirsch theorem for Real vector bundles [23] gives
) satisfies π * Pc = 1, and we regard H * (X) ⊂ H * (P ) using the pull-back π * P . Note also c 
Proof. By the assumption, we havec(c− π * P (c 
For (c), we have (π S ) * Th = (π P ) * ̟ * Th = −1. The naturality of the Gysin sequence gives
Finally, p * i * Th =p * î * Th follows from Lemma 5.5 and the homotopy invariance of equivariant cohomology.
Lemma 5.7. Let (E, h) be a pair on a space X with Z/2-action, and π :Ê → X a Real circle bundle such that c
Proof. By the Gysin sequence for π : E → X, we have c
S η has the required property.
The proof of Theorem 1.1. We construct a pair (Ê,ĥ) T-dual to (E, h) as follows:
We defineπ :Ê → X to be a Real circle bundle such that c 1 (Ê) = π * h. We have c 
The thing we show eventually is that: if (E, h) and (E ′ , h ′ ) are isomorphic, then so are (Ê,ĥ) and (Ê ′ ,ĥ ′ ). Let Φ : (E ′ , h ′ ) → (E, h) be an isomorphism. As long as (Ê,ĥ) is T-dual to (E, h), its isomorphism class is unique by (b). We can say the same thing for (Ê ′ ,ĥ ′ ). Accordingly, we construct the T-dual pairs in the following way: We construct (Ê,ĥ) as in the proof (a), so that h =î * Th by using a class Th such as in Lemma 5.7. In constructing (Ê ′ ,ĥ ′ ), we can putÊ ′ =Ê, because π * h = π ′ * h ′ by the naturality of the Gysin sequence. The isomorphism Φ : E ′ → E of Real circle bundles induces that of sphere bundles
, fitting into the commutative diagram:
We put Th
By constructionĥ
′ =ĥ, so that (c) is proved. We can verify (d) readily. For (e), it suffices to establish that: If (Ê,ĥ) is a pair T-dual to a given pair (E, h), then a pair (E ′ , h ′ ) T-dual to (Ê,ĥ) is isomorphic to the original pair (E, h). By the characterization of T-dual pairs, we have c
. This allows us to assume E = E ′ . By the characterization again, we have π * (h ′ − h) = 0 and further p * (h ′ − h) = 0. Now, Lemma 5.3 and 5.2 imply that (E, h) and (E ′ , h ′ ) are isomorphic as pairs.
For later convenience, we prove:
Proof. By Lemma 5.7, we get Th
Because (Ê,î * Th) is also T-dual to (E, h), we use Lemma 5.3 to have a ∈ H 1 ± (X) such thatî * Th −ĥ =π * (c Remark 3. The cohomology class Th is our analogue of a Thom class in the sense of [9] . The change of a sign is due to our convention.
5.4.
The proof of Theorem 1.2. We begin with the case of X = pt. For the trivial Real circle bundle E =Ê =S 1 , we have E × XÊ =S 1 ×S 1 =T 2 . We write S = S(R E ⊕ RÊ) for short. As shown in Lemma 5.5, we have the homotopỹ
Then, for any twist τ ∈ Twist 
Proof. Notice that S ∼ =S 1 ∧S 1 ∧ S 1 . This allows us to compute H 3 Z/2 (S) ∼ = Z. Hence the isomorphism class of τ is unique. Further, the construction of u(h) in Corollary 3.4 is functorial with respect to twists. Thus, for the proof, we can choose a particular τ constructed as follows: We put U 0 = S\î(S 1 ) and U 1 = S\i(S 1 ). In view of a handle body decomposition of S 3 by two solid tori, we find that U 0 and U 1 are equivariantly homotopic toS 1 , and U 0 ∩ U 1 toT 2 . We identify an (isomorphism class of) equivariant line bundle onT 2 with one on U 0 ∩ U 1 . Then the equivariant open cover {U 0 , U 1 } and an equivariant line bundle K →T Proof. We can recover the K-ring K * (T 2 ) by substituting t = 1 and σ = 0 to the presentation of K * (T 2 ) in Proposition 4.12. Then Corollary 4.13 holds true, even if the Z/2-actions are forgotten. Now, the argument in the proof of Lemma 5.9 applies without change.
Suppose that pairs (E, h) and (Ê,ĥ) on X are T-dual to each other, and then consider the following maps
where the isomorphism in the upper line comes from p * h =p * ĥ , and that in the lower from W
) and the equivariant automorphism −1 :Ê →Ê. (Recall Proposition 2.14 and Lemma 5.2.) We denote the composition of these maps as
In the same way, we define T by exchanging Z/2 and ±. By construction, these T are homomorphisms of K * Z/2 (X)-modules. Further, they are compatible with the K * (X)-module structures. Strictly speaking, T above only makes sense up to automorphisms of twists realizing h andĥ: This is because the notation K h+n Z/2 (E) by using h ∈ H 3 Z/2 (E) rather than τ ∈ Twist 0 Z/2 (E) specifies the equivalence class of the group only, and the equalities of third cohomology classes in the construction of T only specify isomorphisms of twists up to automorphisms. Despite this ambiguity, we regard T as a map in the following, with specifications of twists and their isomorphisms representing third cohomology classes and their equalities understood. 
is bijective, where we use the Real line bundle associated toπ * E to define τ (π * E). We write the composition of homomorphisms as
(Ê) to suppress notations. For a finite Z/2-CW complex X, take a sequence of subcomplexes
, whereẽ j are Z/2-cells. The Z/2-cell Y 1 is, by definition, Z/2-homotopy equivalent to a point pt or ∂Ĩ = Z/2. If Y 1 ≃ pt, then T is bijective by Lemma 5.9. If Y 1 ≃ Z/2, then we take the quotient by the Z/2-action to reduce the problem to the case where the Z/2-actions are forgotten. Hence T is also bijective by Lemma 5.10. As a hypothesis of an induction, we assume here that T is bijective on Y k . Notice that we can make sense of T for the pair of spaces (Y k+1 , Y k ). Being a composition of natural maps, T induces a map of the exact sequences for pairs:
where E k = E| Y k andÊ k =Ê| Y k . By the excision axiom, we have
In the above, we express the Z/2-cellẽ k+1 asẽ k+1 = (Z 2 /H) × e d k+1 by using a subgroup H ⊂ Z/2 and the usual d k+1 -dimensional cell e d k+1 . Since e d k+1 is (equivariantly) contractible, the Real circle bundle on (Z 2 /H) × e d k+1 is the pullback of one on Z 2 /H. Further, because H 3 Z/2 (Z 2 /H) = 0, we get
(E| Z2/H ).
Similarly, noting that H 2 ± (Z 2 /H) = 0 implies τ (E| Z2/H ) ∼ = τ (R 1 ), we get
Through these isomorphisms, we can identify
with the map in Lemma 5.9 or 5.10. Thus, T is bijective on Y k+1 by the five lemma, and so is on X by induction. If Z/2 acts on X freely, then Conjecture 5.12 holds true, since the pairs of our interest give rise to T-duality backgrounds formulated in a paper of Baraglia [3] . Note that, in this case, Conjecture 5.13 is compatible with the conjecture for T-dual backgrounds stated in the paper.
For any space X with Z/2-action, we have the trivial equivariant circle bundle E = X × S 1 , and the trivial Real circle bundleÊ = X ×S 1 . Here S 1 is the circle with the trivial Z/2-action, andS 1 is the circle S 1 ⊂ C with the Z/2-action u →ū = u −1 . Clearly, (E, 0) and (Ê, 0) are T-dual. For these pairs, Conjecture 5.13 holds true, since we have (cf. [22] ):
A generalization of our methods would have a potential to prove the conjectures, which should be the theme of a future work.
Appendix A. Classification of Real circle bundles
We here give a proof Proposition 2.13 supplying some details to Kahn's original proof [23] . The way to the classification is parallel to that of equivariant line bundles given in [8] . Since Real line bundles and Real circle bundles are essentially the same, we are to classify Real circle bundles.
A.1. Simplicial space. A simplicial space X • is a sequence of spaces {X n } n=0,1,... equipped with the 'face maps' ∂ i : X n → X n−1 , (i = 0, . . . , n) and the 'degeneracy maps' s i : X n−1 → X n , (i = 0, . . . , n) obeying the 'simplicial relations':
∂ i s j = s j−1 ∂ i (i < j), ∂ j s j = 1 = ∂ j+1 s j , ∂ i s j = s j ∂ i−1 (i > j + 1), s i s j = s j+1 s i (i ≤ j).
The simplicial space Z
• 2 × X we are to concern below is one associated to a space X with Z/2-action. This is defined as a sequence of spaces {(Z 2 ) n × X} n=0,1,... . The degeneracy and the face maps are defined by ∂ i (g 1 , . . . , g n , x) =    (g 2 , . . . , g n , x), (i = 0) (g 1 , . . . , g i g i+1 , . . . , g n , x), (i = 1, . . . , n − 1) (g 1 , . . . , g n−1 , g n x), (i = n) s i (g 1 , . . . , g n , x) = (g 1 , . . . , g i−1 , 1, g i , . . . , g n , x), where we write gx ∈ X for the action of g ∈ Z 2 = {±1} on x ∈ X.
A.2. Sheaf on simplicial space. A sheaf S (of abelian groups) on a simplicial space X • consists of a sequence of sheaves S n on X n , (n = 0, 1, 2, . . .) together with homomorphisms δ i : ∂ Proof. Given a Real circle bundle P , we express ∂ * 0 P and ∂ * 1 P explicitly: ∂ * 0 P = {(g, x, p) ∈ Z 2 × X × P | x = π(p)}, ∂ * 1 P = {(g, x, p) ∈ Z 2 × X × P | gx = π(p)}. Using the Z/2-action Z 2 × P → P , ((g, p) → gp), we define φ : ∂ * 0 P → ∂ * 1 P by φ(g, x, p) = (g, x, gp). Then φ satisfies the properties in (b). Performing the construction above in the converse way, we can recover from φ in (b) a Z/2-action on P so as to be a Real circle bundle. α0α1 and g
α0 by g
α0α1 , g (1) α0 : U (1)
α0 ,
where φ is as in Lemma A.3. We can verify (g
α0α1 , g
α0 ) ∈ C 1 (U • ;S 1
• ) is a cocycle. Its cohomology class c(P ) in H 1 (Z 2 × X;S 1
• ) is seen to be independent of the choice of local sections s α and the open cover U
• . Further, the assignment P → c(P ) induces a homomorphism c from the group of isomorphism classes of Real circle bundles. Now, it is easy to see that c(P ) = 0 for the trivial Real circle bundle, i.e. P = X ×S 1 with the Z/2-action (x, u) → (τ (x), u −1 ). Hence c is injective.
Conversely, given a cohomology class c in H 1 (Z 2 × X;S α0α1 , g
α0 ) ∈ C 1 (U • ;S α0α1 as a transition function to construct a principal S 1 -bundle π : P → X. We then use g (1) α0 to construct a bundle map φ : P → P so that P gives rise to a Real circle bundle. By construction, we have c(P ) = c, so that c is surjective.
Recalling Lemma A.1, we finally get:
Corollary A.5. For any space X with Z/2-action, the group of isomorphism classes of Real circle bundles on X is isomorphic to H 
